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Abstract 

In this paper, we show how one can handle the formaUsm devel- 
opped by Yurii Vorobjev in order to give general results about the 
problems of linearisation and of normal form of a Poisson structure in 
the neighborhood of one of its symplectic leaves. 

1 Coupling tensors 

Here, we summarize the tools constructed by Vorobjev |Voj that will be useful 
for our purpose. In order to study a Poisson structure 11 on the neighborhood 
of one of its compact leaves S, we can choose a tubular neighborhood p : 
E I — > S, seen as a vector bundle, and consider that 11 is defined on E. 
Denote n the rank of E, and 2s the dimension of 5, while X{S) and Q{S) 
denote respectively the C°*^ (5)— modules of vector fields and of 1— forms on 
S. Let Ver := kerp^ C TE denote the sub-bundle of vertical vector fields, 
and Ver^ C T*E its annihilator. 

As n is non-degenerate on 5, one can always choose E such that that it 
is horizontally non-degenerate, that is, verifies: 

U^{Ver^)nVer = {0} 
dim U^{Ver^) = dim S (1.1) 
/mnf_5 = TS, 

where, as usual, IT" : T*E i — > TE denotes the natural contraction a i — > 
i«n. By putting Hor := U^{Ver) one defines a subbundle of TE com- 
plementary to Ver, or equivalently, an Ehresmann connection, that is T € 
^{E) (^(^oo(5) Ver such that T{Xv) = Xy for all Xy G Ver, T being just 
the projection onto Ver with kernel Hor. For any Ehresmann connection, 
given X € X{S), there exists a unique section of Hor that p— projects onto 
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X, one calls it the horizontal lift of X and denotes it hor{X). The cur- 
vature of r is an element of il^(S') ®c°°{S) Ver, defined as Curvr{u,v) := 
[horu,horv] — hor[u,v]. Also, the covariant derivative attached to F, c)r : 

^^('5)(8)c-(5)'^°°(^) ' — ' f^''"^H'5)(8)coo(s)'^°°(^) defined by the follow- 
ing: 

{drT){uo,ui, ...,Uk):= J2i^Q{-iyChor{u,)^{uo,ui,.. .,Ui,...,Uk) 
+ Eo<i<i<fc(~l)*'^^-^(N'^i]'"o,wi,- • .,Ui,...,Uj,.. .,Uk). 

Geometric data on E are defined to be triples (T,V,J^) with F an Ehres- 
mann connection, V G A'^Ver a vertical 2- vector field on E, and T G 
0^(5) (2)c°°(5) C°°{E) a non- degenerate 2-form on S with values in C°°{E). 
The first result of Vorobjev consists into describing any horizontally non- 
degenerate 2— vector field on £' as a geometric data. 

Proposition 1.1. Geometric data on E are equivalent to horizontally non- 
degenerate 2-vector fields 

proof: Given a non-degenerate 2— vector field Ft on ii^ (not supposed 
to be Poisson), we define F to be the Ehresmann connection with kernel 
Hor := Il^{Ver), as explained above. Let F^^ : IS?TE i — > Ver the external 
second power of F, define V € A'^Ver as V := F^(n), there only remains to 
define J^. 

As n is horizontally non-degenerate, ^ := Flj^^^^^Q i — > Hor is an isomor- 
phism, so that one can define J" G ^^(S) (S)co.(s) 

C°°{E) by requiring: 
J^{u,v) = — < ^~^{horu),horv >, Vn, t> G X{S). 

We refer the interested reader to |Voj for the construction of the non- 
degenerate vector field given a geometric data (F, V, T), prefering to describe 
the situation locally. □ 

Let {xi . . . X2s) be a coordinate chart on an open neighborhood U of S 
such that p^^{U) = U x M", with [yi ■ ■ ■ Un) linear coordinates on the fibers. 
We can locally express FI as: 

n= Yl ^f,jdxi/\dxj+ Yl 2Ui^;^ dxiAdyk+ Kidyk/\dyi, 

i,j=1...2s i=1...2s,k=l...n k,l=l...n 

With U^^, , G C^{p-HU)) satisfying = -Hjf,, and = 
— n^^. The horizontal non-degeneracy condition means that the matrix 
(n^*^) is invertible, let (FI^^- ^) denote its inverse, we have: 

Hor = Span {dxi + Ei=i...2s,fc=i...n ^f^j'^'^f^k ^Vk, i = l...n} 
= Span {dxi + J2k=i...n(^i,kdyk, i = l...n}, 
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where f3i^k '■= Sj=i 2s ^i^j ^^fk' ^^^^ S^^ following local formula 
for horizontal lifts: 

hor{dxi) =dxi+ ^ Pi,kdyk- 

k=l...n 

Let us denote horizontal lifts Xi := hor{dxi) for i = 1 ... 2s. Putting 

1=1. ..2s 

allows us to include mixed terms Hf^dxiAdyk into basic ones lifjdxiAdxj-. 
n= ^IjX,AXj+ Y ^k,idyk/\dyi. 

i,j=l...2s k,l=l...n 



This way, Vp^g appear to be the local coefficients for V, while expresses as: 

J'{dxi,dxj) = -^Uf~^. 

Note that the above decomposition 

U = Uh + V (1.2) 

with Uh = Eij=i...2s ^Lj^i ^ ^ ^^Hor is global on E. 

Next proposition gives the Poisson condition in terms of geometric data. 

Proposition 1.2. Let li he a horizontally non- degenerate 2-vector field on 
E with corresponding geometric data (r,V,.7^). Then li is Poisson if and 
only if 

[V,V] = 0, (i) 

Chor{X)V = VXGA'(S), {ii) 

drT = 0, (m) 

Curvr{u,v) = V^{dT{u,v)) yu,v e X{S). (iv) 

The proof can be carried out with a long calculus, so I refer mistrustful 
(and courageous) readers to my Phd. Thesis |Brj . 

Proposition 1.3. (Semi-local splitting) Let H be an horizontally non- 
degenerate Poisson, with corresponding geometric data {T,V,J^). In the de- 
composition li.lil ' 

n = n^, + V, 

the 2-vector field Uh is Poisson if and only if T has null curvature. 
The proof lies in [BrJ, and is left to the reader. 
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Remark 1.4. The problem of finding a tubular neighborhood p : E i — > S 
such that Ili^ is Poisson is the semi-local analog of Weinstein's splitting 
theorem (see |Welj . (We2] l. but may not hold if, for exemple, E does not 
admit connections without curvature. However, some positive answer will 
be given later on. 

Before giving conditions under which we will be able to construct some 
homotopy between two horizontally non-degenerate Poisson structures hav- 
ing same vertical part, let us precise some notations. 

Given (/> G ^^{S) ®c°°{S) C°°(E), one defines VC(#)/j G n'^{E) ®c°-{E) 
x{Ver) by putting 

V«(#)/,(X) := V|(40(P.^)) G Ver, Vx G E, VX G T,E. 

It is easily verified that this definition point by point assures C°°(i?)-linearity. 

Besides, given 4>i,4>2 & ^^{S) i^c°°{S) C°°{E) two 1-forms on S with 
values in C°°{E), it is defined {(j)i, (l)2\v to be the 2-form on S with values in 
C°°{E) (that is {</>!, (A2}v e ^'^{S)(^c°-{S)C'^{E)) such that for all «i,«2 G 
X{S): 

{0i,02}v('Wi,'W2) := V(#i(ui),#2(n2)) - V(c^</)l(^^2),#2(■Ul))• 
Proposition 1.5. Let n and 11' two horizontally non- degenerate Poisson 
structure on some vector bundle E over a compact base S, with corresponding 
geometric datas (F, V, J^) et iV' ,V' ^T'). Suppose that 11 and 11' have same 
vertical part and coincide on S: 

V = V 

If there exists some 1-form with values in C°°{E), (j) G Q^{S)®C'^(S)C'^{E) 
such that: 

r = r-vtt(#)h 

then there exists neighborhoods U,U' of S in E and a diffeomorphism <I> : 
U I — > W such that 

^>^n = n' 

= Ids- 

Let' s just sketch the proof (see |Voj for the details). It consists in 
constructing some homotopy between 11 and 11', that is just the flow of a 
time-dependant vector field Xt linked to (j) via the non-degeneracy condition 
for T. The conditions on 4) are exactly the ones for Xt to assure that it will 
tract n to n'. 
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2 Linearisation near a symplectic leaf 



The problem of linearising a Poisson structure that vanishes at one point 
was studied in |Coj . |Dulj . |Du2| . |Dn3| . |D-Zuj ... In this section, we want 
to see how these results extend to a full neighborhood of a fixed symplectic 
leaf, in the most general situation possible. 

Proposition 2.1. (Linearisation of the vertical part) Let U an hori- 
zontally non-degenerate Poisson structure on some vector bundle p : E i — > S 
over a compact base S, with corresponding geometric data (r,V,^). Sup- 
pose that, fore some x S, the germ ofV at x is linearisable (as a Poisson 
structure on Ex), then the germ of H along S is equivalent to the one of a 
Poisson structure with associated geometric data {T' ,V^^\ T') , for some V 
and J-' . Here V^^-* denotes the linear part ofV. 

proof: The vertical part is locally trivial (as V is invariant by a connec- 
tion according to condition {ii)) so the proposition is trivial if S is some ball. 
For more general S, the problem is to paste local linearising charts. The ar- 
gument is the following: instead of linearising directly V, one constructs a 
vector field Z G X{E) such that: 

[Z,V] = -V (2.1) 
= L, (2.2) 

where Z^^^ denotes the part of order one in the fibers of Z , and L = 
'Yli=i n yi^Vi the SO Called Liouville vector field (note that the form ^11=1 n Vi^Vi 
does not depend on the chosen trivialisation of the vector bundle E as it is 
equivalent to requiring that the flow of Z^^^ is multiplication by exp(t)). 
The vector field Z turns out to be globally linearisable, so that, up to a 
diffeomorphism defined on a some neighborhood of 5, we have 

[L,V] = -V. 

It is then a basic fact that this last condition forces V itself to be fiberwise 
linear. 

There remains to construct Z: let {Ui)i^j some finite cover of S with Ui 
open balls of 5, that admit trivialisations tpi : p~^{Ui) i — > Ui x U."- of the 
vector bundle E, and {pi)i<=i some subordinate partition of unity. The local 
triviality of V, both with the linearisability condition enables to construct 
vector fields Zi over p~^{Ui) such that 

|Zi,V] = -V 
= L. 

Let Z := Pi^i^ then 12.21 is easily verified, and 12. II holds because pi are 
basic and V vertical. □ 
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Proposition 2.2. (Changing the connection) LetH an horizontally non- 
degenerate Poisson structure on some vector bundle p : E i — > 5 over a 
compact base S, with corresponding geometric data (r,V, Suppose that 
the first Poisson cohomology space H^{Vx) ofV at some x £ S is trivial, and 
let r' some connection leaving V invariant. 

Then the germ of II along S is equivalent to the one of a Poisson structure 
with associated geometric data {T' ,V,J^'), for some T' . 

proof: According to ll.5( we only have to construct some 4> ^ ^{S)®c°°{S) 
C'^{E) such that: 

Keeping the same notations as before, over p~^{Uj) T and T' take the form 

T{dxi) = -El=il3i,kdyk 

As r and T' are supposed to leave V invariant, we have 

n 

[Y,iPi,k - Pi,k)9yk, V] = 0, yi = i...2s. 

k=l 

which means that Y12=i((^hk ~ P'i k)'^yk ^ 1-cocycle for the Poisson co- 
homology of V (with parameters in Ui). By hypothesis, there exist (pl S 
C°°(j9-i(Vj)) such that for all i = 1 . . . 2s, 

n 

[VAi]=^{P^,k-PU)^yk. 

k=l 

Let := X]i=i 2s '^i ® S^^s P~^{Uj)) some 1— form such that 

r = rW + v«(d(/^'y. 

It is easily verified that, as pi are basic, (j) := J2jejPj'l^ gives the desired 
1-form.n 

We are now handing enough tools to state the following theorem. 

Theorem 2.3. (Semi-local linearisation of Poisson structures) Let 

n an horizontally non-degenerate Poisson structure on some vector bundle 
p : E I — > S over a compact base S , with corresponding geometric data 
(r,V,^). Suppose that the germ of V at x is linearisable (as a Poisson 
structure on Ex) for some x £ S and that the first Poisson cohomology space 
H^iVx^) o/V(^) is trivial. 

Then the germ ofH along S is equivalent to the one of a Poisson structure 
with associated geometric data {T^^\V^^\ T) . Here V*-^-* andV^^^ respectively 
denote the linear parts ofV andT. 
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proof: First apply proposition 12.11 up to a diffeomorphism, 11 has asso- 
ciated geometric data (F, V''^^^), then F locally takes the form 

hor{dxi) = dxi + ^ ( ^ (3lj{x)yk + Pi,jix,y))dyj, 

j=l...n k=l...n 

with Pij of order higher than one in the yj— variables. Just isolating terms 
of order one in the equation 

'C/ior(9xi)V^^^ = 0, 

one sees that F^^^ leaves V invariant, so we only have to apply proposition 

We can immediately derive the following corollaries. 

Corollary 2.4. (Semi-local non-degeneracy of Poisson structures) 

Let n an horizontally non- degenerate Poisson structure on some vector bun- 
dle p : E I — > S over a compact base S, with corresponding geometric data 
(F, V,^). Suppose that the vertical linear part vi^'* at some x (z S is non- 
degenerate and that the first Poisson cohomology space IS 
trivial. 

Then the germ ofH along S is equivalent to the one of a Poisson structure 
with associated geometric data (F*^^\ V*-^-*, .7^') for some T' . 

Corollary 2.5. (Semi-local non-degeneracy of transversally com- 
pact semi-simple Poisson structures) Let H an horizontally non- degenerate 
Poisson structure on some vector bundle p : E i — > S over a compact base S, 
with corresponding geometric data (F, V,^). Suppose that the vertical linear 
part vi^^ at some x & S is associated to a compact semi-simple Lie algebra. 

Then the germ ofH along S is equivalent to the one of a Poisson structure 
with associated geometric data {T^^\V^^\ T') for some T' . 

3 Semi-local splitting 

Last theorem enables us to write certain Poisson structures n as 

n = nH + vW 

in a neighborhood of some leaf 5, with FIj^ inducing some linear conection on 
E. That' s what we mean by global linearisation. But up to now, we didn' t 
care about the 2-form the first question being: what can we expect of it ? 
Some motivation is given by proposition ^31 as we can see in proposition ^21 
that the curvature of F is intimely linked to J^. We already pointed out the 
necessary condition that E shall admit some connection without curvature, 
so this condition is not restrictive in the following proposition. 



7 



Theorem 3.1. Let H an horizontally non- degenerate Poisson structure on 
some vector bundle p : E i — > S over a compact base S, with corresponding 
geometric data (F, V,^). Suppose that the vertical part Vx at some x £ S 
has trivial first Poisson cohomology space H^iyx), and that there exists some 
Ehresmann connection V without curvature leaving V invariant. 

Then, up to a diffeomorphism on a neighborhood of S, li decomposes into 

n = n^, + V, 

with Hh o,nd V Poisson structures such that lin is regular and V vertical, 
vanishing on S . 

proof: Just apply propositions 12.21 and 11.31 
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